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Abst rac t - -Th is  paper is concerned with the linear delay partial difference quation 
u(i, j + 1) = a(i, j)u(i + 1, j) + b(i, j)u(i, j) + p(i, j)u(i - (7, j - ~-), 
where a and v are positive integers, a(i,j), b(i,j), p(i,j) are real sequences defined on i > or, j ) T. 
Sufficient conditions for this equation to be stable are derived. Stability of certain nonlinear partial 
difference quations i  studied also. (~) 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Par t ia l  difference quations have been posed from various pract ical  problems [1,2] and fl'om the 
approx imat ion of solutions of part ia l  differential equations by the finite difference methods [3,4]. 
Recently, the qual i tat ive analysis of part ia l  difference equations has received much attent ion;  
see [5-12]. 
In this paper,  we first consider the l inear part ia l  difference quation 
u( i , j  + 1) = a( i , j )u ( i  ÷ 1, j )  + b( i , j )u ( i , j )  + p( i , j )u ( i  - ~, j - T), (1.1) 
where  cr and ~- are posit ive integers, a( i , j ) ,  b(i , j ) ,  p ( i , j )  are real sequences defined on i > ~, 
j~7- .  
Let Nt =t , t+ l , . . .  and ~ = N_~ ×N_T\N0 × N1. It is easy to construct  by induct iona  
double sequence u( i , j )  which equals ~ai,j on ~ and satisfies (1.1) on No z N1. The solut ion of 
the init ial  value problem of (1.1) is unique. 
Stabi l i ty  of (1.1) has been invest igated in [11,12]. Based on [12] and apply ing L iapunov func- 
t ions, we obta in  some new and extensive stabi l i ty  criteria. Let 
ll ll = sup I (i,j)l. 
For any g > 0, let SH = {~ltl~all < g} .  
DEFINITION 1.1. (See [12].) Equation (1.1) is said to be stable if for every ~ > O, there exists a 
5 > 0 such that for every ~ E S~, the corresponding solution u = {u( i , j )}  of  (1.1) satisfies 
f (i,J)l < i , j  No. 
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DEFINITION 1.2. (See [12].) Equation (1.1) is said to be exponentially asymptotical ly stable if 
for any 5 > 0, there exists a real number ~ ~ (0, 1) such that ~ ~ S~ implies that 
]u(i,.j)l _< 5~ j, i , j  c No. 
DEFINITION 1.3. Equation (1.1) is said to be linearly stable if there exists a constant M >_ 0 
sueh that the solutions of (1.1)satisgv 
lu(i,J)l <- ff"/liqvll, ( i , j )  E N~. 
REMARN 1.1. It is easy to see that equation (1.1) is stable if equation (1.1) is linearly stable. 
DEF~NHUON 1.4. For a real function h : Ng --~ (0, oo), equation (1.1) is said to be h-stable, if 
]h(i,J)tt(i,J)l <_ Atll~[I, ( i , j )  E Ng, 
where ili is a positive constant. .." 
2. MAIN  RESULTS 
Let V (u , i , j )  : /~ × iV~ --, R + = [0 ,~) .  If' for any solution of' equation (1.1) {u( i , j )} ,  there 
exists a constant c > 0 such that 
v(<i , j )  > cl~(i,j)l, (i,j) ~ ~2, 
then we (:all V(zl, i , j )  as a positive Liapunov flmction. 
Th(' following lemrnas are obvious. 
LEMMA 2.1. If" there exists a positive Li~punov function V(u,  i, j)  and a constant M > 0 such 
that 
v(~, i , j )  < A~I[~II, (<j) ~ Ng, 
where {u(i , j )} is a solution of (1.1) with the initial function {~(i , j )},  then (1.1) is linearly stable. 
LF.MMA 2.2. For a given real function h(i, j)  > O, if the following equation: 
t~. ( i , j+ l )u ( i , j+ l )  a ( i , j )h ( i+ l , j )~t ( i+ l , j )+b( i  j )h ( i . j )u ( i , j )  
+ p( i , j )h( i  - or, j - r)u( i  - or, j - r) 
is linearly stable, then (1, 1) is h-stable, where {u( i , j )}  is a solution of (1.1) wit)~ the initial 
function {~(i, j)}. 
In the following, we will show two kinds of results according to the different order in the 
sl)ace N~. At first, we define an order in A~ as follows. For any points (i,j) and (p, q) in Ng, if 
j < q, then chdm tinct ( i , j )  < (p, q). 
LEMMA 2.3. (See [12].) Assume that 
Io,(< j)l + Ib(<J)l + Ip(i,J)l -< 1, 
Then equation (1.1) is linearly stable. 
PI~OOF. For a given solution {a(i , j )} of equation (1.1), let 
V(u, i , j )  = max lu(i , j) l ,  
i>_o 
(i , j) c lv~. (2.1) 
j>_0, 
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and denote 
For j = 0, we have 
From (1.1), we have 
w~(j) = v (~, i , j ) .  
w~,(o) = v (~, i ,o )  = v (~, i ,o )  ~ II~tl. 
I~(i, 1)1 _< I(,(i, 0)11~(i + 1,0)1 + tb(i, 0)t I',(i, 0)1 + Ip(i, 0)11~(i - ~ , )  - ~)1 
<_ (la(i,o)l + [b(i,O)[ + It)(i,o)])lIp]l <_ I1~11. 
Hence, w~,(1) _< I1~11. Assume that for some fixed integer ~t _> 0 
Then, we have 
]u(i, n)[ < ( ]a ( i , , t  - 1)t + ]b ( i , , z -  1)1-t-]p(i ,n - 1)1)]1~]] ~ ]]~]]. 
By induction, we have 
'w,~(~z) _< 11911, for ,~ _> 0. 
That  is, I~(i,j)l _< I1~11, i j  >_ O. The proof is complete. 
THEOREM 2.1. Let 
c5 = sup(la( i , j ) l  + Ib(i,j)l + Ip(i,J)l), 
/_>0 
and cj = 1 + r j, j >_ 1. I f  
oo 
E I'j ~ OO~ 
j=l 
thel~ equation (1.1) is linearly stable. 
PROOF. 
ej = max (1, c~), (2.2) 
Hence, 
and hence, 
(2.3) 
Similar to the proof of Lemma 2.2, by induction we can prove the following estimation: 
(l'-[n--1 / 
_< 1. 
n--1 'n--1 
ln'tl,u(~l{) ~ In Nipll -}- E Incj = |11 [t~l[ ÷ E h-i (1 -{- 7,j) 
j=l j=l 
rt-1 oe 
_< In H~I[ + E ,J -< 1,1 II~ll + E r.j, 
j=l j=t 
O(2 
where A.I = exp(~j=l  r'j). The proof is complete. 
REMARK 2.1. Theorem 2.1 improves Lemma 2.3. 
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EXAIvlPLE 2.1. Consider the partial difference quation 
~t(i,j + 1) = lu ( i  + 1,j)  + l~t( i , j )  + 2-Ju(i - ~, j - 7-), 
where or, 7- are integers. Thus, 
1 1 
[a(i,j)l = ~, tb(i,j)l = ~, Ip(i,j)l = 2 - j ,  
cj = 1 + 2 - j ,  rj = 2 - j ,  
since 
(2.4) 
oo 
E ?'j = 1 <oc .  
j= l  
Thus, from Theorem 2.1, equation (2.4) is linearly stable. 
Obviously, the condition (2.1) does not hold. So Lemma 2.3 cannot apply to (2.4). 
From Theorem 2.1, it is easy to see the following result. 
COROLLARY 2.1. I f  a( i , j ) ,  b(i, j) ,  p( i , j )  converge uniformly to zero in j,  then equation (1.1) is 
linearly stable. 
In fact, in this case, there exists an integer t > 0 such that 
la(i,j)[ + Ib(i,j)t + Ip(i,j)l < 1, j > t. 
Hence, the conditions of Theorem 2.1 are satisfied. 
LEMMA 2.4. Assume that if (7 = O, there exists G E (0, 1) such that 
la(i,J)l + Ib(i,J)l + Ip(i,J)lG -"  <- G, ( i , j )  E N{ 2. (2.5) 
Then equation (1.1) is G-J-stable. 
PROOF. Let h(i, j )  = G - j ,  j >_ O. Because 
h( i , j  + 1)u( i , j  + 1) = a(i , j )h( i  + 1, j )n( i  + 1, j)  + b(i , j )h( i , j ) .u( i , j )  
+p( i , j )h( i  - ~7, j - "r)u(i - ~7, j - 7-) 
implies that 
u(i~j + 1) = [a(i, j)u(i  + 1,j)  + b( i , j )u( i , j )  + p ( i , j )G - 'u ( i , j  - r)] ~, 
from (2.5), we have 
[la(i, j) l  + ]b(i,j)l + Ip(i,j)lG -~] G <_ 1. 
Hence, fl'om Theorem 2.1, equation (2.6) is linearly stable. 
Then, from Lemma 2.2, equation (1.1) is G-J-stable. The proof is complete. 
If a( i , j )  ¢ 0, for any i , j  > 0, then equation (1.1) can be written in the form 
1 
'u(i + 1, j) - a(i, j) [u(i, j + 1) - b(i, j )u(i ,  j )  - p(i, j )u( i  - or, j T)]. (2.7) 
~Ve define another order in Ng as follows. For any points ( i , j )  and (p,q) in N~, if i < p, then 
claim that (i, j )  < (p, q). By the symmetry, we have following result. 
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THEOREM 2.2.  
(i) I f l (1/a( i , j )  ) [1+ Ib(i,j)l + lp(i,j)l]l < 1, (i,j) ~ Ng, then equation (1.1)islinearlystable. 
(ii) Let 
d~ = sup (1 + Ib(i,j) I + ]p(i,j)[) , 
j_>0 
dy = max( l ,  d'~) and d~ = 1 + si, i _> 1. 
I f  
~ Si < ~ 
i=1 
then equation (1.1) is linearly stable. 
(iii) Assume that T - 0 and there exists ~ c (0, 1) sud~ that 
1 
la(i, j) l  [1 + Ib(i,j)l ÷ Ip( i , j ) l ]~-" ~ ~, ( i , j )  E N~. 
Then equation (1.1) is ~-Cstable. 
The proof is similar to Lemma 2.1, Lemma 2.4, and Theorem 2.1. 
Consider the nonlinear partial difference quation of the form 
u( i , j  + 1) = a( i , j )u( i  + 1,j)  + b(i , j ) 'a( i , j )  + p( i , j ) f (u ( i  - ~, j - r) ). 
From Lemma 2.1, Lemma 2.3, and Theorem 2.1, we can obtain the following results. 
COROLLARY 2.2. Assume that there exist constants H > 0 and L > 0 such that 
If(u)l _< Llut, as 1'4 -< H. 
(2.s) 
(i) I f  
la(i,j)] + ]b(i,j)l + Ip(i,j)l <_ 1, ( i , j )  c 5?'o2, 
then equation (2.8) is stable, where qo E SH. Notice that if ~ C SH, then {u( i , j )} .satisfies 
I~1 s H. 
(ii) I ra  = O, there exists ~ E (0, 1) such that 
la(i, j) l  + lb(i,j)l + LIp( i , j ) l~-T < ~, ( i , j )  c N~, 
then the solution of (2.8) satisfies 
]u(i, j) I < MII~II~ j, 
where I1~11 < H. 
COROLLARY 2.3. Assume that a = 0, liml~l~ 0 I f (u)/ul  = O, and there exist M > 0,-~ c (0, 1), 
such that Ip(i,j)[ < M and 
la(i, j) l  + Ib(i,j)l < ~, 
Then there exists a constant H > 0 such that 
lu(i, j) l  _< MII~II~ j, 
where ~o c SH. 
Now we define a new order in No 2 as follows. 
i+ j  =p+q,  j < q, then ( i , j )  < (p,q). 
( i , j )  C N'o 2, 
Let ( i , j ) , (p ,q)  c N~. I f i+ j  < p+q or 
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'_Vf1EOI:~EM 2.3. Assmne that there exist &, (3 ¢ (0, 1) such that 
(i) 
Iv(i,0)[ < II~tt~ ~, i _> 0; 
(ii) 
~]o(i,j)l + Ib(i,j)] + (~-%53-T[~)(i, j)] </~, ( i , j )  ~ Ng. (2.9) 
Then equation (1.1) is o:- ig-J-stable; i.e., 
l'~4i,J)l-< MIl~l l~/~J,  ( i , j )  ~ N'~. 
Pl~ool~'. Let h( i , j )  = (t-i/3 - j .  
We consider the following equation: 
h( i , j  + 1)u( i , j  + 1) = a( i , j )h ( i  + 1, j )u( i  + 1,j) + b( i , j )h ( i , j )u ( i , j )  
+t)( i , j )h( i  - c~, j - r )u( i  - ~, j - r), (2.10) 
which equals to 
v.(i, j  + 1) = [aa( i , j )u( i  + 1,j) + b( i , j )u ( i , j )  + c~-~-~p( i , j )u ( i  - or, j - r)] 23 -~ . 
From (2.9), by Theorem 2.1, we can obtain that equation (2.10) is linearly stable. Using 
Lemma 2.2, equation (1.1) is h-stable; i.e., 
lu(i , j) l  <_ MII~I I~Y,  (i,.j) ~ No ~. 
Similar to Corollaries 2.2 and 2.3, we have the following corollary. 
CORO[~LA[~Y 2.4. Assume that there exist L > O, H > O, o > O, (3 > 0 such that 
If(u)l <- Llul, I~1 </ / ,  
and 
14i,j)l + lt4i,j)l + o-L<TIp( i , j ) l  <_ A 
Then the solutions of eq~mtion (2.8) sat i Jy  
I..(i, j)l _< Mll~lla~S, (i,j) cN(~, ~,/~ c (0, 1); 
i.e., equation (2.8) is o'-~3 J-stable. 
COROLLARY 2.5. Assume that there exist ct > O, /J > 0 such that 
lira f (u)  = O, 
lul-~0 11  
and there, exist M > 0, ~ ~ (0, 1) such that ]P(/,J)l < M and 
la(i,j)l + Ib(/,j)l < (, ( i , j )  c N~. 
Then there exists H > 0 sud~ that the solutions of (2.8) satisfy 
lu(i,j)] < Mllc¢llcf'/JJ, ( i , j )  ¢ N(2), c~,(~ (0,1), 
,,,here II~ll < H.  
Similar to Theorem 2.1, we ca~ obtain the following resuk. 
(i,5) c ~ 
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COROLLARY 2.6. Let 
= J)l + Ib( , j) l + J)l)] 9 - ' ,  
i20 
pj = max(1 ,p}) ,  and pj = 1 + tj, j >_ 1. If 
OQ 
~-~ tj  < 00, 
j= l  
then equation (1.1) is c~i[3J-stable. 
EXAMPLE 2.2. Consider the partial difference quation 
1 1 u ( i , j+ l )+ u( i -2 ,  j -2 )=O,  (2.11) u( i+ l , j )+ 'u( i , j )+-~ i+ j+ l  16( i+ j+ l )  
where la(i,j)] = 1/16, Ib(i,j)[ = (1/4)(13/8 - (i + j  + 1)-1), Ip(i,j)l = [16(i + j  + 1)] -~. 
Let a = 1/2, ~ = 1/2. Then c~la(i,j) t+ Ib(i,j) I + c~-'2~-2lp(i,j) I - 1/16 + 13/32 < 1/2 = Z. 
By Theorem 2i3, the solutions of (2.11) satist~v 
lu(i,j)l < Mll~ll2-(i+J>, (i,j) E Ng. 
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